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The ground-state phases of alternating-bond spin-1 diamond chains are investigated. Each ground state
consists of an array of spin clusters separated by singlet dimers owing to an infinite number of local
conservation laws. If no singlet dimers are present, the ground state is equivalent to that of a spin chain
with infinite length.For strong frustration, we find a series of quantum phase transitions as in the case
of alternating-bond mixed diamond chains with spins 1 and 1/2. For intermediate frustration, we find the
nonmagnetic Haldane or dimer phases according to whether the bond alternation is weak or strong. For weak
frustration and weak bond alternation, we find the ferrimagnetic states with spontaneous magnetizations
m = 1/6 and 1/3 per site. The ferrimagnetic state with m = 1/6 is accompanied by a spontaneous
translational symmetry breakdown. This phase vanishes for strong bond alternation.
1. Introduction
The quantum effects in low-dimensional frustrated
magnets have been extensively studied in recent con-
densed matter physics.1, 2) Various exotic quantum
phases emerge from the interplay of quantum fluctua-
tion and frustration. From a theoretical point of view, it
is remarkable that the ground states of a class of mod-
els are written down exactly owing to the frustration.
A well-known example is the Majumdar-Ghosh model
whose ground state is a dimer state with a spontaneous
breakdown of translational symmetry.3) The diamond
chain4–8) is another example of a model with an ex-
act ground state. Since the diamond chain has an infi-
nite number of local conservation laws, the ground states
can be classified analytically. For strong frustration, each
ground state consists of a periodic array of spin clusters
separated by singlet dimers owing to these local conserva-
tion laws. With the decrease of frustration, the length of
each spin cluster increases. For weak frustration, various
nonmagnetic or ferrimagnetic states are realized depend-
ing on the magnitudes of the constituent spins and/or the
exchange parameters.4–6)
In the real materials with a diamond-chain structure,
the lattice distortion is inevitable. In addition to the well-
known natural mineral azurite,7, 8) which is a spin-1/2
distorted diamond chain, it has been recently pointed out
that [Ni3(OH)2(O2C-C2H2-CO2)(H2O)4]E2H2O
9) can
be regarded as a spin-1 distorted diamond chain.10, 11)
Although the exchange parameters are fixed for real ma-
terials, even more exotic quantum states emerge in the
whole parameter space of distorted diamond chains the-
oretically.
The ground states of spin-1 diamond chains(S1DC)
without distortion have been investigated in Refs. 4 and
∗E-mail address: hida@mail.saitama-u.ac.jp
6. In addition to the spin cluster ground states, the non-
magnetic Haldane state and the ferrimagnetic state with
spontaneous magnetization m = 1/6 and 1/3 are found.
A series of quantum phase transitions take place between
these ground-state phases with different periodicities and
with or without a spontaneous translational symmetry
breakdown.
In the previous work,12) we have investigated the effect
of two types of lattice distortions that do not preserve the
local conservation laws. In the present work, we consider
the effect of the bond alternation depicted in Fig. 1. In
contrast to the distortions discussed in Ref. 12, the bond
alternation preserves the same local conservation laws as
the undistorted case.
This paper is organized as follows. In Sect. 2, the model
Hamiltonian is presented. In Sect. 3, the ground-state
phase diagram is determined analytically and numeri-
cally. The last section is devoted to summary and dis-
cussion.
2. Hamiltonian
The alternating-bond S1DC is described by the Hamil-
tonian
H =
L∑
l=1
[
(1 + δ)Sl(τ
(1)
l + τ
(2)
l )
+ (1 − δ)(τ (1)l + τ (2)l )Sl+1 + λτ (1)l τ (2)l
]
, (1)
where Sl and τ
(α)
l (α = 1, 2) are spin 1 operators. The
number of the unit cells is denoted by L, and the total
number of sites Ns is 3L. The Hamiltonian has three
different exchange parameters, namely, 1 + δ, 1− δ, and
λ. Here, δ represents the strength of the bond alternation,
and λ controls the frustration as depicted in Fig. 1. In
the case of δ = 0, Eq. (1) reduces to the Hamiltonian of
1
J. Phys. Soc. Jpn.
Sl
1+δ
λ
1−δ
1−δ
1+δ
τl
(1)
Sl+1
τl
(2)
Fig. 1. Structure of an alternating-bond S1DC. S = τ (1) =
τ (2) = 1. The exchange parameters are denoted by λ, 1 + δ, and
1− δ, where λ and δ control the strengths of frustration and bond
alternation, respectively.
S1DC without bond alternation.4, 6)
The Hamiltonian (1) has a series of local conservation
laws. To see it, we rewrite Eq. (1) in the form,
H =
L∑
l=1
Hl, (2)
Hl = (1 + δ)SlT l + (1− δ)T lSl+1 + λ
2
(
T
2
l − 4
)
, (3)
where the composite spin operators T l are defined as
T l ≡ τ (1)l + τ (2)l (l = 1, 2, · · · , L). (4)
Then, it is evident that
[T 2l ,H] = 0 (l = 1, 2, · · · , L). (5)
Thus, we have L conserved quantities T 2l for all l, even
in the presence of bond alternation δ. By defining the
magnitude Tl of the composite spin T l by T
2
l = Tl(Tl +
1), we have a set of good quantum numbers {Tl; l =
1, 2, ..., L} where Tl = 0,1, and 2. The total Hilbert space
of the Hamiltonian (2) consists of separated subspaces,
each of which is specified by a definite set of {Tl}, i.e.,
a sequence of 0, 1, and 2. A pair of spins with Tl = 0 is
a singlet dimer. A cluster including n successive Tl 6= 0
pairs bounded by two dimers is called a cluster-n.
Thus, a cluster-n is equivalent to the ground state of
an alternating-bond antiferromagnetic Heisenberg chain
consisting of 2n+ 1 effective spins Sl and T l. We follow
the terminology of Ref. 5 to call the ground state con-
sisting of an array of cluster-n’s separated by dimers as
dimer-cluster-n (DCn) phase. The phases without dimers
are called DC∞ phases.
3. Ground-State Phase Diagram
3.1 Ground states for λ > 2
For λ > 2, the state with Tl = 2 is not allowed as in
the case of undistorted S1DCs. This can be proven as
follows:
Following Ref. 4, let us consider the ground state of
the Hamiltonian of a single diamond Hl with Tl = 2. Ac-
cording to the Lieb-Mattis theorem,13) the ground state
is a singlet. By elementary manipulations, we can show
that the following state |G〉l is the ground state of Hl.
|G〉l =
√
1
5
[
|−1〉Sl+1 |−1〉Sl |2〉Tl + |1〉Sl+1 |1〉Sl |−2〉Tl
+
√
2
3
|0〉Sl+1 |0〉Sl |0〉Tl
− 1√
2
(
|−1〉Sl+1 |0〉Sl |1〉Tl + |0〉Sl+1 |−1〉Sl |1〉Tl
+ |0〉Sl+1 |1〉Sl |−1〉Tl + |1〉Sl+1 |0〉Sl |−1〉Tl
)
+
1√
6
|1〉Sl+1 |−1〉Sl |0〉Tl +
1√
6
|−1〉Sl+1 |1〉Sl |0〉Tl
]
,
(6)
where |Szl 〉Sl and |T zl 〉Tl are the eigenstates of Szl and T zl ,
respectively. In this state, we can show that
SlT l = Sl+1T l = −3. (7)
Hence, we find the ground-state energy El of Hl with
Tl = 2 as
El(Tl = 2) = −6 + λ. (8)
Obviously, El(Tl = 0) = −2λ. Since these are indepen-
dent of δ, the conclusion that the state with Tl = 2 is not
allowed in the ground state for λ > 2 remains valid even
for δ 6= 0 following the proof of Lemma 1 of Ref. 4. Hence,
the ground-state phase diagram for λ > 2 is identical to
that of the mixed diamond chain with (S, τ) = (1, 1/2)
discussed in Ref. 14 as shown in Fig. 2(a). The main
features are summarized as follows:
The phase diagram consists of DCn phases with finite
n and DC∞ phases corresponding to the Haldane and
dimer phases. For δ = δc and δ ≃ 1 the analytical results
suggest the presence of an infinite series of phase transi-
tions between DCn(n = 0, ...,∞) phases with varying λ.
Hence, we speculate that they should take place in the
entire range of δc ≤ δ ≤ 1. For δ = 0, only the DCn
phases for n ≤ 3 and Haldane phase are realized.?) For
small λ, the ground state is the DC∞ state that corre-
sponds to the Haldane state for δ < δc and to the dimer
state for δ > δc.
3.2 Ground-state phase diagram for λ < 2
3.2.1 Possible candidates of ground states
As in the case of δ = 0,6) we employ the finite size
DMRG method to calculate the ground-state energies up
to L = 13 for all possible configurations {Tl}. For λ < 2,
we find that the possible configurations that give the low-
est energies are (a) ∀l, Tl = 1, (b) ∀l, (T2l, T2l+1) = (1, 2)
or (2,1), (c) ∀l, Tl = 2, and the configurations that differ
from them only locally. From this observation, we spec-
ulate that the candidates of the configurations of Tl’s
in the DC∞ ground states are above three configura-
tions (a)-(c). For the case (a), the ground state is in the
Haldane phase or the dimer phase according to whether
2
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Fig. 2. (a) Overall ground-state phase diagram. The region λ >
2 is reproduced from Ref. 14. Small open circles are the critical
points λc(n, n − 1; δ) between DCn and DC(n − 1) phases. Large
open circles are the critical points λc(∞, n; δ) between DCn and
DC∞(H or D) phases. The solid lines are guides for the eye. For
n ≥ 4, phase boundaries are only shown by solid lines to avoid
complications. The values of λc(0, 1; δ) calculated exactly in Ref.
14 are shown by the thick dotted line. The open square is the
accumulation point of infinite series of critical points at δ = δHDc .
The filled squares are triple points. (b) The enlarged phase diagram
in the small λ region. The thick dotted line is the approximate
relation (31) for δ ∼ 1
δ < δHDc ≃ 0.2598 or δ > δHDc ,15–20) since the Hamilto-
nian (2) reduces to the alternating-bond spin-1 Heisen-
berg chain. Thus, we expect the following four different
phases in the DC∞ phase.
(1) Haldane phase (H phase) : {Tl} = {1˙} and δ < δHDc .
(2) Dimer phase (D phase) : {Tl} = {1˙} and δ > δHDc .
(3) Ferrimagnetic phase with M =Ms/6 (F1/6 phase) :
{Tl} = {1˙2˙}.
(4) Ferrimagnetic phase with M =Ms/3 (F1/3 phase) :
{Tl} = {2˙}.
Here, {T˙1 · · · T˙l} denotes the configuration consisting of
a periodic array of the sequence T1 · · ·Tl over the whole
chain. The values of the spontaneous magnetizations in
the ferrimagnetic phases can be identified from the Lieb-
Mattis theorem13) .
3.2.2 Approximation for δ ≃ 1
We decompose the Hamiltonian (2) into two parts
H = H0 +H1 (9)
where
H0 =
L∑
l=1
H0l, H1 =
L∑
l=1
H1l, (10)
H0l = (1 + δ)SlT l + λ
2
[Tl(Tl + 1)− 4], (11)
H1l = (1− δ)Sl+1T l. (12)
We denote the ground state of H0l with total spin Stotl ,
where Stotl ≡ Sl + T l, as ||Stotl , Stotzl 〉TlSl , and corre-
sponding eigenvalue as E0,l(S
tot
l ). Depending on the val-
ues of Tl(= 1, 2), these are given as follows:
(1) Tl = 2:
The ground state is a triplet state that has total spin
Stotl = 1. They are expressed in terms of the states
|Szl 〉Sl and |T zl 〉Tlas.
||1, 1〉TlSl =
√
3
5
(
|−1〉Sl |2〉Tl −
1√
2
|0〉Sl |1〉Tl
+
1√
6
|1〉Sl |0〉Tl
)
, (13)
||1, 0〉TlSl =
√
3
10
(
|−1〉Sl |1〉Tl −
2√
3
|0〉Sl |0〉Tl
+ |1〉Sl |−1〉Tl
)
, (14)
||1,−1〉TlSl =
√
3
5
(
|1〉Sl |−2〉Tl −
1√
2
|0〉Sl |−1〉Tl
+
1√
6
|−1〉Sl |0〉Tl
)
, (15)
and the corresponding energy is given by E0l(1) =
−3(1 + δ) + λ.
(2) Tl = 1
The ground state is a singlet state ||0, 0〉TlSl with
a total spin Stotl = 0 and the corresponding energy
is given by E0l(0) = −2(1 + δ)− λ. The wave func-
tion is not presented since it is unnecessary for the
following calculations.
For δ = 1, the candidates of the ground states found
in section 3.2.1 can be constructed from the above local
3
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states as follows:
The {2˙} phase that corresponds to the ferrimagnetic
ground state with magnetization 1/3 per spin is given by
∣∣F1/3〉 =
L∏
l=1
||1, 1〉TlSl , (16)
if the spontaneous magnetization is taken along the z-
axis. The energy of this phase is given by
E1/3,0/L = −3(1 + δ) + λ. (17)
The {1˙} phase that corresponds to the nonmagnetic
dimer ground state is given by
|D〉 =
L∏
l=1
||0, 0〉TlSl . (18)
The energy of this phase is given by
ED,0/L = −2(1 + δ)− λ. (19)
The {1˙2˙} phase that corresponds to the ferrimagnetic
ground state with magnetization 1/6 per spin is given by
∣∣F1/6〉 =
L/2∏
l=1
||0, 0〉T2l−1S2l−1 ||1, 1〉T2lS2l , (20)
or
∣∣F1/6〉 =
L/2∏
l=1
||1, 1〉T2l−1S2l−1 ||0, 0〉T2lS2l , (21)
if the spontaneous magnetization is taken along the z-
axis. The energy of this phase is given by
E1/6,0/L = −
5
2
(1 + δ). (22)
Next, we calculate the energy of each ground state up
to the first order with respect to the perturbation H1.
Among the terms in H1l, T±l S∓l+1 has no diagonal ele-
ments within the ground state subspace of H0. Hence,
we only consider the term T zl S
z
l+1. By elementary ma-
nipulations, we find
〈1, 1||TlSl T zl ||1, 1〉TlSl =
3
2
, (23)
〈1, 1||Tl+1Sl+1 Szl+1 ||1, 1〉Tl+1Sl+1 = −
1
2
. (24)
Hence, we have
E1/3,1 =
〈
F1/3
∣∣H1 ∣∣F1/3〉 = −3L
4
(1− δ). (25)
Since |D〉 is nonmagnetic, expectation values of T zl and
Szl+1 vanish. Hence, we have
ED,1 = 〈D| H1 |D〉 = 0. (26)
In
∣∣F1/6〉, one of the groups of spins (Sl,T l) or
(Sl+1,T l+1) connected by H1l is always nonmagnetic.
Hence, the expectation value of T zl S
z
l+1 vanishes. Thus,
we find
E1/6,1 =
〈
F1/6
∣∣H1 ∣∣F1/6〉 = 0. (27)
Then, the ground state energies of the whole diamond
chain in these three phases are given by
E1/3/L = −3(1 + δ)−
3
4
(1 − δ) + λ, (28)
E1/6/L = −
5
2
(1 + δ), (29)
ED/L = −2(1 + δ)− λ, (30)
up to the first order in H1. The state
∣∣F1/6〉 always has
higher energy than the states
∣∣F1/3〉 and |D〉 within the
present approximation. Hence, it is not realized for δ ∼ 1.
Thus, the phase transition between the phases
∣∣F1/3〉 and
|D〉 takes place at
λDF1/3(δ) = 1−
1
8
(1− δ) (31)
3.2.3 Numerical calculation
Following the argument in Ref. 6, for general values of
δ, the phase boundaries are determined from the ground-
state energy per spin ǫ˜G({Tl}, δ) of an infinite-length
Heisenberg chain with bond alternation δ,
H˜ =
L∑
l=1
[(1 + δ)SlT l + (1− δ)T lSl+1] , (32)
with the corresponding configuration of {Tl} in the fol-
lowing way:
(1) Haldane-F1/6 phase boundary for δ < δ
HD
c :
λHF1/6(δ) = 2ǫ˜G({1˙}, δ)− 2ǫ˜G({1˙2˙}, δ). (33)
(2) Dimer-F1/6 phase boundary for δ > δ
HD
c :
λDF1/6(δ) = 2ǫ˜G({1˙}, δ)− 2ǫ˜G({1˙2˙}, δ). (34)
(3) F1/6-F1/3 phase boundary:
λF1/6F1/3(δ) = 2ǫ˜G({1˙2˙}, δ)− 2ǫ˜G({2˙}, δ). (35)
(4) D-F1/3 direct transition phase boundary:
λDF1/3(δ) = ǫ˜G({1˙}, δ)− ǫ˜G({2˙}, δ). (36)
The energy ǫ˜G({Tl}, δ) can be calculated from the in-
crement of the ground-state energy in each step of the
iDMRG calculation.21, 22) The phase diagram is shown
in Fig. 2. The number of states χ kept in each iDMRG
step ranged from 240 to 480. Convergence with respect
to χ is confirmed.
There are two triple points for λ < 2. Among them,
the D-F1/3-F1/6 triple point is (λ, δ) ≃ (1.03261, 0.42495)
and the D-H-F1/6 triple point is (λ, δ) ≃ (1.0832, 0.2598).
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4. Summary and Discussion
The ground-state phases of the alternating-bond S1DC
are investigated. Owing to the local conservation laws,
the ground states are rigorously constructed, once the
ground states of corresponding Heisenberg chains are
known. For λ > 2, the local state Tl = 2 is not al-
lowed. Hence, the ground state is identical to that of
the (1,1/2) alternating-bond mixed diamond chain dis-
cussed in Ref. 14. Each ground-state phase is described
as a DCn phase consisting of a uniform array of cluster-
n’s that are equivalent to the ground states of spin-1
alternating-bond Heisenberg chains of length 2n+1. The
nonmagnetic DC∞ phases that correspond to Haldane or
dimer phases also appear for intermediate λ.
For small λ, the ground states are the DC∞ states. Es-
pecially for λ < 2, the local state with Tl = 2 is allowed.
Hence, ferrimagnetic phases with m = 1/6 and 1/3 are
also realized in addition to the nonmagnetic Haldane or
dimer phases. The ferrimagnetic phase with m = 1/6 is
accompanied by the spontaneous translational symmetry
breakdown.
For δ ≃ 1, we have carried out the perturbation anal-
ysis with respect to 1− δ. In this regime, only the dimer
phase and ferrimagnetic phase with m = 1/3 are realized
and no spontaneous translational symmetry breakdown
takes place.
Thus, we found that the introduction of the bond alter-
nation to the S1DC gives rise to a rich variety of quantum
phases and phase transitions. The experimental realiza-
tion of the S1DC has been reported in Refs. 10 and 11,
although the distortion pattern is different. We hope the
rich phase diagram predicted in the present paper stim-
ulates the synthesis of other S1DC materials in the near
future.
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Kyoto University.
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